This paper deals with blow-up properties of solutions to a nonlocal parabolic system with nonlocal boundary conditions. The global existence and finite time blow-up criteria are obtained. Moreover, for some special cases, we establish the precise blow-up rate estimates.
Introduction
In this article, we consider the positive solution of the following parabolic equations with nonlocal boundary conditions: In [], Chen and Wang extended the problem (.) to the following system:
with homogeneous Dirichlet boundary condition. Under some conditions, they proved the solution of (.) blows up in finite time and even blows up globally. However, parabolic equations with both nonlocal source and nonlocal boundary condition have been studied as well. For instance, the problem of the following form:
was considered by Lin and Liu [] for the case l =  and by Zhong and Tian [] for the case g(u) = u. They established global existence and nonexistence of solutions, and they discussed the blow-up properties of solutions. Porous medium equations with local sources or with nonlocal sources subjected to nonlocal boundary conditions were also studied (see [-]). They discussed the conditions of existence and blow-up. For other works on parabolic equations and systems with nonlocal boundary conditions, we refer readers to [-] and the references therein.
Motivated by those works above, we will study the problem (.) and want to understand how the functions f (u), g(v) and the weight functions φ(x, y), ψ(x, y) in the boundary condition play substantial roles in determining the blow-up or not of the solutions.
In this article, we make some assumptions on f (s), g(s) as follows:
In view of the symmetry of the problem, we may suppose that lim inf s→∞
>  in (H) throughout this paper. For any η > , we can get a constant
Let us introduce the following elliptic problem:
where φ(x, y) dy < , ψ(x, y) dy < . Then there exists a unique positive solution (ϕ  (x), ϕ  (x)) of (.) (see [] ).
The main results of this paper are the following theorems.
To estimate the blow-up rate, we need an additional assumption on the initial data u  (x),
(H) There exists a constant ε ≥ max{ε  , ε  }, such that
where 
Then there exist positive constants c i
This paper is organized as follows. In Section , we establish the comparison principle. In Sections  and , some criteria regarding to global existence and finite time blow-up for (.) are given, respectively. In the last section, for some special cases, the blow-up rate estimate is established.
Comparison principle
We start with the definition of a subsolution and a supersolution of (.) and then get to the comparison principle. Set
 is a supersolution of (.) if the reversed inequalities hold in (.). A solution of problem (.) is a vector function which is both a subsolution and a supersolution of (.).
The following comparison principle plays a crucial role in our proofs, which can be obtained by similar arguments to [, ], and its proof is given here for the sake of completeness.
for (x, t) ∈ Q T , we have
, and at least one of U, V vanishes at (x, t) for x ∈ . Without loss of generality, we assume that U(x, t) =  = inf (x,t)∈Q t U(x, t). If (x, t) ∈ Q t , by virtue of the first inequality of (.), we get
Then the strong maximum principle implies that U ≡  in Q t , and this is a contradiction.
If (x, t) ∈ S t , this results in the contradiction by (.) that 
Lemma . Suppose that w(x, t), z(x, t)
A direct computation yields
and set
Using (.), we have
By the above lemmas, we obtain the following comparison principle of problem (.).
Lemma . Let (u, v) and (u, v) be a nonnegative subsolution and supersolution of
The existence of positive classical solutions of (.) local in time can be obtained by using the fixed point theorem in [] , and the representation formula and the contraction mapping principle as in [] . By the above comparison principle, we get the uniqueness of the solution to the problem. The proof is more or less standard, so is omitted here.
Global existence
In this section, we will give some sufficient conditions for the existence of solution and prove Theorem ..
Proof of Theorem . Case : we assume that ab ≤  μ  μ  holds. Since the functions ϕ  (x), ϕ  (x) are positive and continuous, we can find two large positives constants k  and k  such that
Applying (.) and (.), we get
The above inequalities show that (w, z) is a supersolution of (.), and Lemma . asserts that (w, z) ≥ (u, v) for (x, t) ∈ Q T . Therefore, the solution (u, v) of (.) exists globally. Case : we assume that
Choose A = max{a| |, b| |/K  }, and consider the ordinary differential equation (ODE)
By the hypothesis (H) and the theory of ODE, there exists a unique solution s(t) to (.), and s(t) is increasing. Since
= ∞ for some s  > , s(t) exists globally and s(t) ≥ s  . Let w(x, t) = z(x, t) = s(t), and note that φ(x, y) dy < , ψ(x, y) dy <  on ∂ . Then we have
The above inequalities show that (w, z) is a supersolution of problem (.). By using Lemma ., we see that the solution (u, v) of (.) exists globally. Case : we assume that
= ∞ holds. We choose two positive constants l  , l  such that
Consider the following ODE:
= ∞ for some s  > , we know that s(t) exists globally.
Let
Then by (.) we have
These formulas show that (w, z) is a supersolution of (.). Therefore, (w, z) ≥ (u, v). Since (w, z) exists globally, so does (u, v) . This completes the proof.
Blow-up results
In this section, we assume that (u, v) is a positive solution of (.) on Q T , where T is the maximal existence time.
Proof of Theorem
}, and consider the following ODE:
Then (.) and (.) imply that
The above inequalities imply that (w, z) is a subsolution of (.), so (w, z) ≤ (u, v). Due to (w, z) blowing up in finite time, (u, v) blows up in finite time, and this completes the proof.
Let C = min{aK  | |, b| |}, and consider the following ODE: < ∞ for some s  > , the solution s(t) of (.) blows up. Let w(x, t) = z(x, t) = s(t), then we obtain w t -f (w) w + a z dx 
= s (t) -f s(t) a| |s(t) = Cg s(t) s(t) -a| |f s(t) s(t)
≤
